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C
onfinement of charge carriers in
quantum dots (QDs) of sizes smaller
or similar to the Bohr exciton ra-

dius dictates the QD size-tunable electronic

properties and makes them a promising

material for various applications, ranging

from opto-electronic devices, such as solar

cells,1�7 light-emitting diodes,8 field-effect

transistors,9,10 and lasers,11 to quantum

computing12 and biological imaging

probes.13 The electron�phonon interaction

plays key roles in most of these applications

and carries significant fundamental impor-

tance. Although the phonon-mediated re-

laxation of electrons and holes in QDs is the

focus of many experimental1,14�17 and

theoretical18,19 efforts, the fundamental un-

derstanding of the problem is not yet satis-

factory, and a number of controversies re-

main unresolved. In particular, quantization

of the electronic energy levels induced in

the QDs by spatial confinement20 and re-

sulting in a mismatch between the elec-

tronic gaps and phonon frequencies has

led to the expectation of a dramatic slow-

ing down of the electron�phonon relax-

ation, known as the phonon bottleneck.1

The spacing between the electronic levels

is clearly seen in the optical spectra.21 Unex-

pectedly, the recent time-resolved experi-

ments showed picosecond relaxation, simi-

larly to that observed in bulk.14�17

Moreover, the relaxation rates increased

with decreasing QD size, even though the

electronic energy spacing became larger.15

The fundamental study of the phonon

bottleneck question is strongly motivated

by its practical significance. For example, in

a gain medium based on QDs, it is desirable

that excited carriers relax rapidly to their

lowest states, from which radiative recombi-

nation occurs.22 Therefore, a phonon bottle-
neck would be likely to hinder the opera-
tion of lasers and other light-emitting
devices. On the contrary, by slowing down
the decay of the electronic energy, a
phonon bottleneck in photovoltaic QD ma-
terials would favor charge carrier multiplica-
tion, which carries great promise for in-
creased efficiencies of QD solar cells.1,3�6

The experimentally observed fast carrier re-
laxation at high excitation energies creates
an additional puzzle regarding the mecha-
nism of the carrier multiplication that occurs
in spite of the fast energy loss.1,3,23,24

Here, we use state-of-the-art time-
domain (TD) ab initio density functional
theory (DFT)25 in order to study the charge-
phonon relaxation dynamics in PbSe and
CdSe QDs, which represent two widely used
semiconductors with substantially different
electronic structure. We show at the atomis-
tic level that the subpicosecond relaxation
and the absence of the phonon bottleneck
in both materials are due to efficient non-
adiabatic (NA) decay channels. A dense dis-
tribution of electron and hole states arises
at all but the lowest excitation energies due
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ABSTRACT Spatial confinement can create relaxation bottlenecks by mismatch between electronic and

vibrational frequencies. This hypothesis motivated discovery of multiple excitons, which could greatly enhance

the efficiency of quantum dot (QD) solar cells. Surprisingly, recent experiments showed no bottleneck. Our time-

domain ab initio study of the electron�phonon dynamics rationalizes the fast relaxation in PbSe and CdSe QDs,

which have substantially different electronic properties. Atom fluctuations and surface effects lift degeneracies

and create dense distributions of electronic levels at all but the lowest energies, while confinement enhances the

electron�phonon coupling. The analysis applies to nanomaterials in general, modifying the fundamental view

on the electron�phonon interaction.
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to lifting of the ideal state de-
generacy by thermal fluctua-
tions in the QD atomic struc-
ture and surface
reorganization. While many
states show weak optical activ-
ity, creating a discrete elec-
tronic spectrum, most of the
states participate in the
electron-vibrational relaxation.
Similarly to molecular systems,
the spatial confinement creates
strong electron�phonon cou-
pling. Even though the mul-
tiphonon processes previously
proposed based on the tem-
perature dependence of ex-
perimental relaxation
rates1,14,26 do take place in our

simulations, they are not required at the higher ener-
gies due to the large density of states (DOS). The re-
ported results apply generally to nanoscale systems and
alter the commonly accepted view regarding the ef-
fect of quantum confinement on the electron�phonon
relaxation dynamics.

RESULTS AND DISCUSSION
The PbSe and CdSe QDs used in the present study

are shown in Figure 1. The QD geometries were gener-
ated from bulk and fully optimized at zero tempera-
ture. The Cd33Se33 and Pb68Se68 clusters used in the TD
simulations are 1.3 and 1.8 nm in diameter, respectively.
In order to elucidate the effects of surface reconstruc-
tion and the outer-shell layer on the QD electronic
structure, a core�shell CdSe/ZnS QD was built and
compared to the pure CdSe QD. Introduction of the
shell-layer in the Cd33Se33/Zn78S78 cluster increased the
diameter from 1.3 to 2 nm.

Electronic Structure of the Quantum Dots. The DOS of the
CdSe, CdSe/ZnS, and PbSe QDs are shown in the insets
of Figure 2. The electronic energy levels calculated for
the QD geometries at 0 K were broadened in order to
account for thermal atomic motions. The energy fluc-
tuations were computed along the MD trajectory. The
calculated variances on the order of 50�100 meV were
used to broaden the levels. The first peak in the conduc-
tion band (CB) is clearly seen in both CdSe and PbSe
QDs and is attributed in the effective-mass representa-
tion1 to the S-electron state. This state has roughly
spherically symmetric charge density distribution,
which is delocalized over the whole dot, and origi-
nates from the s-type atomic orbitals of Se atoms. The
higher energy peaks can be attributed to the P, D, etc.
electronic levels of the QDs, although the state symme-
try becomes harder to discern by looking at the state
densities obtained in the atomistic simulation. The cor-
responding state structure in the valence band (VB) is

less pronounced since the states are closer in energy.

This agrees with the effective-mass theory, which uses

a higher effective mass for holes than for electrons.

Although the calculated DOS does show distinct

peaks, the peaks are well separated only at the lowest

energies (Figure 2). This feature is a key in explaining

the observed and simulated ultrafast charge-phonon

relaxation dynamics. In its most straightforward formu-

lation, the effective-mass description predicts that the

electronic energy levels are highly degenerate. The ato-

mistic simulation shows that the underlying atomic

structure, surface effects, core/shell interactions, ther-

mal fluctuations, as well as the spin�orbit and Coulomb

coupling, break the degeneracy and create a compli-

cated multilevel electronic structure. The existence of

multiple non-degenerate energy levels near the band

edge does not contradict the experimental data. Thus,

significant homogeneous broadening and a complex

structure of fluorescence spectra seen in single PbS

QDs27 may be a sign for the degeneracy breaking of

the lowest energy electronic transition. Further, the ob-

served photoluminescence blinking in single CdSe28

and PbS27 QDs demonstrates a highly non-exponential

Figure 1. Optimized geometric struc-
tures of the Cd33Se33, core/shell
Cd33Se33/Zn78S78, and Pb68Se68 QDs.

Figure 2. Densities of the electron and hole states in (a)
Cd33Se33 and (b) Pb68Se68 QDs as functions of time along
room-temperature MD trajectories. The CdSe DOS shows a
more pronounced asymmetry across the band gap than the
PbSe DOS, with the hole states having a higher density. The
insets represent the DOS computed for the perfectly opti-
mized dot geometry and broadened by the energy fluctua-
tions from the MD simulations. The Cd33Se33 DOS agrees
with the DOS of the core/shell Cd33Se33/Zn78S78 QD, indicat-
ing that surface relaxation of Cd33Se33 eliminates gap states,
which could have been expected due to surface dangling
bonds.
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decay of the probability density for a given on or off
time. This observation may indicate that the photoge-
nerated exciton is not transitioning between a single
bright state (on) and a single dark state (off) but is dis-
tributed over multiple on/off states.

Surface passivation by an inorganic shell or organic
ligands may be expected to change dramatically the
QD DOS. In order to test this possibility, we compare
the DOS of the Cd33Se33 QD and the core/shell Cd33Se33/
Zn78S78 dot in the inset of Figure 2a. If QDs had pre-
served the ideal bulk structure, the multiple unsatur-
ated chemical bonds on the surface would have
introduced band gap states, drastically reducing the
gap. Reference 29 shows that surface relaxation can
eliminate gap states under the condition that surface
atoms have no more than one dangling bond. Our cal-
culation reproduces this effect and shows further that
the surface reconstruction and the band gap is main-
tained when temperature is raised to 300 K; compare
the main panels and the insets in Figure 2. The surface
reconstruction is quite subtle in our case and preserves
the wurtzite and zinc blende topologies of bulk CdSe
and PbSe, respectively, at both 0 and 300 K. Quite re-
markably, the surface relaxation is nearly equivalent to
the presence of a shell layer; see the inset in Figure 2a.
Because ZnS has a much larger band gap than CdSe, the
band edge states of the core/shell structure originate
from the CdSe core, and the DOS of the CdSe and CdSe/
ZnS QDs differ significantly only at higher energies.
PbSe is much less susceptible to surface effects when
compared to CdSe.30 Therefore, the similarity between
the core/shell and bare-core DOS near the band edge
should be valid not only for CdSe but also for PbSe. The
extensive computation effort limited the NA TDDFT
simulations to the pure CdSe and PbSe clusters, which
are shown in Figure 1.

The calculated zero temperature energy gaps are
1.58 eV for the Cd33Se33, 1.59 eV for the core�shell
CdSe/ZnS, and 1.15 eV for the PbSe. These values are
underestimated relative to experiment,28 as is typical
with DFT calculations that use density or density gradi-
ent functionals, such as PW91 employed here. This
problem is attributed to incomplete elimination of the
self-interaction energy by these functionals.31,32 Long-
range non-local and non-adiabatic corrections are rou-
tinely used to remedy the problem, for instance, in hy-
brid functionals that include a portion of the exact
Hartree�Fock exchange. Hybrid functionals consis-
tently provide energy gaps that are close to the experi-
mental values.33,34 However, hybrid functionals require
additional computational efforts, and their utilization in
the NA TDDFT simulations is problematic. On the other
hand, in contrast to the studies of non-radiative fluores-
cence quenching,35 the absolute values of the energy
gaps are not relevant for the present investigation. Our
focus is on the intraband NA dynamics, which involve
electron and hole relaxation inside the bands, rather

than across the band gap. The results of these dynam-
ics depend on accurate calculations of energy levels in
the QD VB and CB, which are typically well reproduced
by functionals that are based on density and density
gradient.

The calculated PbSe DOS is notably more symmet-
ric than the CdSe DOS, as expected.15 This is seen par-
ticularly well with the heights of the peaks in Figure 2.
The VB peaks are higher than the CB peaks in CdSe,
while they have similar heights in PbSe. As predicted
by the effective-mass theory,1 the CdSe holes are sev-
eral times heavier than electrons. Although the PbSe
holes do show a slightly higher DOS than electrons, this
asymmetry is much less pronounced than in CdSe.
Compared to the effective-mass and tight-binding cal-
culations, our ab initio results demonstrate more com-
plex electronic structure for both PbSe and CdSe QDs, in
agreement with the recent atomistic pseudopotential
calculations.36

The asymmetry of the DOS of the CdSe QD favors
the Auger relaxation channel, by which the electron ex-
changes its excitation energy with the hole, and the
hole relaxes fast through its denser manifold of states
by the NA coupling to phonons.16 The Auger process is
considered to be the main channel of the fast non-
radiative relaxation of electrons in CdSe QDs.37 How-
ever, the Auger relaxation can be efficient only when
the photoexcited electrons and holes are coupled via
the Coulomb interaction. The time-resolved experi-
ments in CdSe QDs show that the intraband relaxation
is fast even if the holes are decoupled from the elec-
trons either through the hole trapping at the surface
and ligands38 or via electron injection into neutral dots
with no holes.39 Consequently, mechanisms other than
the Auger scattering lead to the fast relaxation of the
decoupled carriers. The NA relaxation of the electrons
and holes studied in the present work is the most prob-
able scenario for the above cases.

The evolution of the DOS induced by thermal atomic
motions is shown in the main panels of Figure 2. The
DOS is plotted along the z-axis as a function of energy
and time. The CB and VB edge energies change by less
than 0.1 eV. The edge of the VB in both dots is signifi-
cantly smoothed by the thermal motion. The gaps be-
tween the S and P states of the holes disappear, and the
states mix when the temperature is raised. The elec-
tronic S states remain separated from the rest of the
CB manifold in both QDs, particularly in the smaller
CdSe cluster.

Non-adiabatic Relaxation of Photoexcited Charge Carriers.
The initially populated states are chosen to satisfy si-
multaneously the following three conditions. First, the
transition energies are chosen to be roughly three times
the QD energy gap. Second, by computing the transi-
tion dipole moment, specific electron�hole excitations
are selected within this energy range to have the larg-
est optical activity. Third, only those transitions that are
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roughly symmetric around the center of the band gap

are considered. These three requirements satisfy the ex-

perimental conditions for the PbSe QDs,5 in which the

carriers have nearly the same effective masses, and the

CB and VB structures are almost symmetric. In the case

of CdSe QDs, holes are significantly heavier than elec-

trons, and the last provision is not required. Transitions

between high energy electrons and low energy holes

and vice versa are also optically allowed.38 For compari-

son, we use the same three requirements for selecting

the initial photoexcitations in both types of QDs.

Figure 3 presents the simulated NA dynamics of the

electron and hole relaxation mediated by coupling to

phonons. The three-dimensional plots are similar to

those of Figure 2: the DOS plotted in Figure 2 is multi-

plied in Figure 3 by the evolving state occupations, rep-

resenting changes in the orbital populations with re-

spect to the ground state. As evidenced by the data, the

charge carriers visit multiple states during the relax-

ation, and none of the intermediate states play a spe-

cial role. The non-equilibrium population peaks cre-
ated by the photoexcitation spread to reappear near
the band gap. The main part of the relaxation, that is,
when most of states near the band gap are populated,
is complete within a picosecond. This relaxation time
agrees well with the experimental data.14�17

The observed relaxation dynamics is highly non-
exponential (see the blue and magenta lines in
Figure 3), in agreement with the strongly non-
Lorentzian line shapes observed experimentally.27 The
electron and hole energy loss in both CdSe and PbSe
QDs is dominated by a Gaussian component at small
times. The non-exponential decay seen in our time-
domain calculation cannot be obtained using perturba-
tion theory, such as the Fermi Golden Rule, which pro-
vides exponential relaxation rates. The relaxation rate
computed in our approach varies with time and exhib-
its memory effects. In general, Gaussian relaxation oc-
curs by a coherent quantum-mechanical process. Such
a process, for example, gives rise to the quantum Zeno
effect, associated with the vanishing time derivative of
the quantum-mechanical transition probability at zero
time.40 The incoherent exponential component be-
comes important at lower energies for the electrons
and at higher energies for the holes. There, closer to
the band gap, the energy spacings between the states
become larger, and quantum transitions take longer
than pure dephasing.41 The transitions deep inside the
VB and CB occur faster than pure dephasing. This is pos-
sible because the majority of the states present in the
DOS within the relevant energy range participate in the
electron�phonon relaxation.

No phonon bottleneck is observed, except at the
last stage of the electron relaxation in the CdSe QD,
which exhibits two distinct population peaks even af-
ter 3.5 ps (Figure 3a). This case shows that a bottleneck
is indeed possible if the energy gaps between the elec-
tronic states are larger than the phonon frequencies.1

In the CdSe QD, the S-electron level remains well-
separated from the rest of the CB manifold by an en-
ergy gap of around 0.3 eV because of the small size of
the dot. The pure dephasing time41 in this case is
shorter than the transition time. Therefore, applied to
this transition, the current computational technique has
to be augmented for the loss of coherence, as has been
done in the recent study of non-radiative fluorescence
quenching in carbon nanotubes.35 The analysis per-
formed in ref 35 suggests that loss of quantum coher-
ence can significantly slow down the final stage of the
simulated relaxation compared to the current result.
This expectation is closely related to the quantum Zeno
effect.40 Further study of the final stage of the electron
relaxation in the CdSe QD is currently underway, moti-
vated by the recent experimental data.42

In the larger PbSe QD, the final CB peak spreads
over several dense states at the band edge, and the re-
laxation is fully complete by the end of the run show-

Figure 3. Relaxation of the electron (blue lines) and hole
(magenta lines) energies in (a) Cd33Se33 and (b) Pb68Se68.
The plots are obtained by multiplying the DOS, Figure 2, by
the corresponding state occupations and averaging over
500 initial conditions. The major part of the relaxation oc-
curs within the first picosecond and is highly non-
exponential. A slower relaxation component associated
with the relaxation all the way to the band gap states oc-
curs on a slower time scale, as seen particularly well with the
gradual growth of the lowest electron state population in
CdSe. Insets: Probability density for the electron (blue) and
hole (magenta) transitions as a function of the transition en-
ergy. Both resonant and multiphonon processes are seen,
since the energy exchanged during a transition is often
greater than the characteristic phonon energy of 0.025 eV.
The multiphonon relaxation is most pronounced for the
electrons in Cd33Se33.
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ing no phonon bottleneck. Analogously, the holes in

both materials completely populate several VB states

at the band edge by the end of the simulation time of

3.5 ps. The populations of the final states close to the

band edge are distributed according to the Boltzmann

distribution. In the CdSe QD, the photoexcited electrons

relax notably slower than the holes. This agrees with

the experiments, in which the Auger exchange of en-

ergy between electrons and holes have been sup-

pressed by hole trapping,38 and in which the electrons

were injected into the dots.39

The insets in Figure 3 give the normalized probabil-

ity densities for the electron and hole transitions as a

function of the transition energy. The transitions can oc-

cur both up and down in energy; however, transitions

downward dominate, as required by the detailed bal-

ance.43 The most likely transitions involve small

amounts of energy that are close to the phonon en-

ergy on the order of 100�200 cm�1 (12�25 meV). This

fact indicates that the energy gaps between the elec-

tronic states are very small, especially at the higher

excitation energies, explaining the absence of the

phonon bottleneck. Occasionally, up to 0.3�0.6 eV of

electronic energy can be lost to phonons in a single

event. This happens more often with electrons than

holes, at lower energies and in the smaller CdSe QDs.

Transitions that exchange large amounts of energy be-

tween the electronic and vibrational degrees of free-

dom involve multiple phonon quanta. Thus, the mul-

tiphonon relaxation mechanism proposed initially in

order to rationalize the ultrafast experimental data14,15

is indeed seen in our simulation; however, the faster

resonant electron�phonon energy exchange is more

efficient, particularly in the higher energy range.

CONCLUSIONS
In summary, our time-domain ab initio study of the

electron�phonon relaxation dynamics in the CdSe and
PbSe QDs rationalized the controversy between the theo-
retical prediction of the electron�phonon relaxation
bottleneck and the experimental lack thereof. The relax-
ation is fast because the underlying atomic structure, sur-
face reconstruction, thermal fluctuations, and other fac-
tors break the perfect symmetry of the QDs, lift electronic
state degeneracies, and generate a dense distribution of
energy levels. The conclusion applies not only to the CdSe
and PbSe QDs studied here, but also to other nanoscale
systems, including carbon nanotubes44 and
chromophore�semiconductor interfaces.25,45

The electron�phonon relaxation can be both reso-
nant and multiphonon. At higher energies, the spacing
between the electronic levels is on the order of the
phonon frequencies, allowing the resonant energy ex-
change. At energies close to the band gap, the relax-
ation takes place by the multiphonon mechanism, and
a signature of the phonon bottleneck is seen. The trans-
fer of the excess electron and hole energies to phonons
is coherent and non-exponential at the higher ener-
gies. The NA electronic transitions are faster than loss
of the quantum phase information.

The calculations show that reconstruction of the QD
surface efficiently accommodates surface dangling bonds
and produces the same band gap as the core/shell QD de-
sign, in which the dangling bonds of the core are passi-
vated by chemical interactions with the shell.

The details provided by our state-of-the-art simula-
tions contribute to the unified picture of the relaxation
dynamics in semiconductor QDs, by altering and expand-
ing the commonly accepted view on the role of quan-
tum confinement in the electron�phonon interaction.

METHODS
The time-domain ab initio simulation of the

electron�phonon relaxation dynamics is based on the imple-
mentation25 of the fewest switching surface hopping (FSSH)
technique43,46,47 within time-domain Kohn�Sham (TDKS)
theory.48 FSSH is an atomistic non-adiabatic molecular dynam-
ics approach that satisfies detailed balance43 and, therefore, can
be used to study relaxation processes and decay to thermody-
namic equilibrium. FSSH can be viewed as a quantum master
equation, in which the state-to-state electronic transition rates
depend on time through coupling to phonon dynamics.

The TDKS�FSSH theory was implemented within the VASP
package.49 The simulations were performed with the Perdew
and Wang exchange-correlation functional50 and Vanderbilt
pseudopotentials.51 A converged plane-wave basis was used in
cubic simulation cells periodically replicated in three dimensions.
In order to prevent spurious interactions between periodic im-
ages of the QDs, the cells were constructed to have at least 8 Å
of vacuum between the QD replicas.

The PbSe and CdSe QDs were initially constructed to have
the structure of the bulk semiconductors. Then, the QDs were re-
laxed to their lowest energy configurations. The relaxed configu-
rations were heated to 300 K by repeated velocity rescaling and
used for the dynamics calculations. Five picosecond microcanon-
ical trajectories were generated in the ground electronic state.

Five hundred random initial conditions were sampled from these
trajectories in order to create an ensemble of photoexcited QDs
for the NA dynamics. A 2 fs nuclear and a 10�3 fs electronic time
step were used for the dynamics calculations.

The two components of the TDKS�FSSH methodology are
outlined below. Further details can be found in refs 19, 25, 35,
44, 45.

Time-Domain Kohn�Sham Theory. The electron density is written
in the KS representation48 as

F(x, t) )∑
p)1

Ne

|�p(x, t)|2 (1)

where Ne is the number of electrons and the �p(x, t) are single-
electron KS orbitals. The evolution of �p(x, t) is determined by
application of the time-dependent variational principle to the
expectation value of the Kohn�Sham density functional and
leads to the system of coupled equations of motion for the
single-particle KS orbitals48

ip
∂�p(x, t)

∂t
) H{�(x, t)}�p(x, t), p ) 1, ... , Ne (2)
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The equations are coupled since the Hamiltonian H depends on
the density (eq 1) and, hence, all KS orbitals occupied by the Ne

electrons. Expanding the time-dependent KS orbitals �p(x, t) in
the adiabatic KS orbitals �k(x; R)

�p(x, t) )∑
k

Ne

cpk(t)|�̃k(x;R)〉 (3)

the TDKS eq 2 transforms to the equation of motion for the
expansion coefficients

ip
∂

∂t
cpk(t) )∑

m

Ne

cpm(t)(εmδkm + dkm · Ṙ) (4)

The adiabatic KS orbitals are obtained by solving the time-
independent KS equations, which are implemented in many
computer codes. We use VASP.49 The non-adiabatic coupling

dkm · Ṙ )-ip〈�̃k(x;R)|∇ R|�̃m(x;R)〉 · Ṙ ) - ip〈�̃k|
∂

∂t
|�̃m〉 (5)

arises from the dependence of the adiabatic KS orbitals on the
phonon dynamics, and is computed numerically according to the
right-hand-side of eq 5.47 The prescription for phonon dynamics
R(t) constitutes the quantum backreaction problem. In order to
define the backreaction, FSSH uses a stochastic algorithm that
generates trajectory branching46 and detailed balance.43

Trajectory branching mimics the splitting of quantum
mechanical wavepackets describing phonons in correlation with
different electronic states. Detailed balance ensures that
transitions up in energy are less likely than transitions down in
energy by the Boltzmann factor. It is essential for studying
electron�phonon relaxation and achieving thermodynamic
equilibrium.

Fewest Switches Surface Hopping. FSSH requires an electronic ba-
sis. Preferably, the basis is formed of adiabatic states.43,46,47 While
the adiabatic forces for the ground and excited electronic states
as well as the NA coupling between them can be calculated in
TDDFT,48 the NA coupling between excited electronic states re-
mains an open question.52 We use the zeroth-order adiabatic ba-
sis formed of the adibatic KS orbitals. Compared to the original
implementation of the TDKS-FSSH method,25 we use a further
approximation by going from the many-particle Slater determi-
nant basis to the single-particle representation. The FSSH simu-
lation is performed separately for electrons and holes in the ba-
sis of single-particle adiabatic KS orbitals. The single-particle
representation is appropriate for studies of QDs since their elec-
tronic structure is well represented by the independent electron
and hole picture. Quantum confinement effects in QDs ensures
that the electron and hole kinetic energies dominate the electro-
static interaction. As a result, even the basic effective mass theory
provides a good description of the QD electronic structure.37

FSSH prescribes a probability for hopping between elec-
tronic states. The probability is explicitly time-dependent and is
correlated with the nuclear evolution. Specifically,46 the probabil-
ity of a hop between states k and m within the time interval dt
equals to

dPkm )
bkm

akk

dt (6)

where

bkm )-2Re(akm
/ dkm · Ṙ); akm ) ckcm

/ (7)

Here, ck and cm are the coefficients evolving according to eq 4.
The hopping probabilities explicitly depend on the NA coupling
dkm · Ṙ defined in eq 5. If the calculated dPkm is negative, the
hopping probability is set to zero. This feature minimizes the
number of hops: a hop from state k to state m can occur only

when the electronic occupation of state k decreases and the
occupation of state m increases. To conserve the total
electron�nuclear energy after a hop, the original FSSH
technique rescales the nuclear velocities along the direction of
the electronic component dkm of the NA coupling.46,47 If a NA
transition to a higher energy electronic state is predicted by eq
6, and the kinetic energy available in the nuclear coordinates
along the direction of the NA coupling is insufficient to
accommodate the increase in the electronic energy, the hop is
rejected. The velocity rescaling and hop rejection give detailed
balance between upward and downward transitions.43

The current, simplified implementation of FSSH makes the
assumption that the energy exchanged between the electronic
and nuclear degrees of freedom during the hop is rapidly redis-
tributed between all nuclear modes. With this assumption, the
distribution of energy in the nuclear modes is Boltzmann at all
times, and the velocity rescaling/hop rejection step can be re-
placed by multiplying the probability (eq 6) for transitions up-
ward in energy by the Boltzmann factor. This simplification of the
original FSSH technique gives great computational savings, al-
lowing us to determine the TD potential that drives the dynam-
ics of the electronic subsystem using the ground-state trajectory.
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